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Abstract

The Segmented Rail Phased Induction Motor (SERAPHIM) has been proposed
propulsion method for urban maglev transit, advanced monorail, and other forms of high s
ground transportation. In this report we describe the technology, consider different design
examine its strengths and weaknesses.
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The Physics of SERAPHIM

I. Introduction

Many proposals for a high speed ground transportation system (HSGT) have been adv
over the years. These range from simply improving conventional railroad technology, as wi
French TGV [1], to high speed trains propelled, not by wheels, but by a linear induction m
(LIM) [2], to vehicles moving so fast that wheels are no longer an option and magnetic levita
(MAGLEV) is essential [3]. Of these three, the first is in daily service with an average spee
186 mph (but capable of higher speed), the second has been built and tested to 250 mph
1970’s, but never deployed, and the third has had many incarnations, some of which, pro
by a linear synchronous motor (LSM), have demonstrated speeds over 300 mph. This
describes a new propulsion technology which like LIMs and LSMs does not rely on wheel-
adhesion to provide thrust and may offer an attractive alternative.

For a HSGT system to be both safe and have minimal impact on the environment, it s
be elevated along its entire length. It could follow existing highways or rail lines, and could c
farms, swamps, and forests with minimal adverse effect. For an elevated guideway
inexpensive, however, both the structure and the loads its carries must be lightweight. This
against a conventional train, which must be heavy enough to maintain traction. To pro
lightweight vehicle at high speed, especially in bad weather and up steep grades, requires a
of propulsion that does not rely on wheel-track adhesion. With the LSM, proposed for
MAGLEV applications, the entire length of the guideway contains sensors, switches,
electromagnets which interact with a magnet (possibly superconducting) on the ve
Although costly and complex, LSMs are efficient and capable of very high speed. Becau
projected reduced maintenance costs, MAGLEV is also being considered as an option for s
below 200 mph. In this regime, however, wheels remain a viable option. If the vehicle is
levitated, the need to keep its weight down is somewhat mitigated so a powered motor, suc
LIM, can be placed on the vehicle, reducing the cost of the roadbed. The LIM guideway con
a conducting reaction rail against which the motor exerts an electromagnetic force.

As with any technology, LIMs have limitations. Its top speed is proportional to its leng
the longer (and, thus, heavier) the motor is, the faster it can go. Its efficiency falls off sharp
this speed limit is approached. Also, because a LIM uses an iron core to shape and cont
magnetic fields, it works best when the gap between the motor poles and the reaction rail is
requiring a high degree of precision in the guideway. SERAPHIM, the motor described in
report, represents an attempt to design an induction motor for which these restrictions are
This report describes the technology, show why it looks attractive, and address its weakn

II. The original concept

Under the Strategic Defense Initiative, Sandia National Laboratories developed a n
very high speed linear induction motor called a “coilgun” [4], designed to launch satellites
the ground with a velocity of 6 km/sec (13,500 mph, about 20 times the speed of sound)! A
meter long coilgun has launched projectiles at over 1 km/sec, demonstrating enough force t
accomplished the earth-to-orbit mission were the gun sufficiently long. To appreciate
magnitude of this force, consider that the coilgun achieved the average pressure exerte
cannon. Of course, passenger vehicles are not intended to be “shot from guns”, but when i
                -4-
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“star wars” motor could propel a high speed vehicle.

The force in coilguns arises from a gradient in mutual inductance between a pow
primary coil and a passive armature in which current is induced. A simple example is a p
nested solenoids, as illustrated in Figure 1. If the primary carries an alternating curren
opposite current will be induced in the shorted armature. The force between the two is the p
of the currents times the gradient of the mutual inductance. Because the mutual inductance
two solenoids is a maximum when they are together, and falls to near zero when they are far
an axial force is produced on the armature. In a coilgun, a sequence of thin, washer-like
accelerated both aluminum cylinders and shorted solenoidal secondaries.

Figure 1. A dual-solenoid coilgun. The powered coil (red) induces a current in the sho
armature (blue), creating a force in the direction of diminishing mutual inductance.

There are many variations to this theme. The armature need not be a shorted windin
could be a solid conducting cylindrical shell. Or, instead of coaxial solenoids, the launcher
consist of a “pancake” coil primary and a similar shorted armature, or solid plate, as in Figu

Figure 2. An inductive launcher using powered (red, cross hatched) “pancake” coils.
armature (blue) could be a shorted coil or a solid conducting plate.

The original Sandia launcher, called a “reconnection gun” [5], was of this second desi
accelerated a solid aluminum plate by passing it through a sequence of flat coils located on
side of a thin guideway. Each coil pair was connected to a charged capacitor and was sw
on as the moving plate passed between them. The rising current in the coils induced curr
the plate, generating a force that pushed the plate away from the coil and accelerated it alo
flyway.
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If the roles of the plate and coils are reversed, the reconnection gun geometry lo
attractive for vehicle propulsion. The powered pancake coils would be on the vehicle and
would straddle a succession of conducting plates on the roadbed. The plate position would
be sensed and the coils energized in such a manner as to expel them, providing thrust
vehicle. Needing a catchy acronym, the concept was dubbed SERAPHIM, for Segmente
Phased Induction Motor [6]. A proof-of-principle demonstration was built and success
tested with Department of Energy (DOE) funding, arising from dual-use national defense is
Notice that, unlike a conventional LIM which generates eddy currents in a continuous rea
rail, this approach relies on the fact that the plate has an edge, for without the edge, ther
change in the mutual inductance as the armature moves past the powered coil.

III. The Dual Coil SERAPHIM

It became clear from our experience with the cylindrical coilgun, that a solid plate was
the best armature. The current path in a solid armature is not predetermined, as it is in w
depends, instead, on how the magnetic field diffuses through the metal which, in turn, is re
to the resistivity and the drive frequency. Magnetic flux which has diffused into the metal
remain after the motor coil has moved on, representing an energy loss which adversely e
efficiency. Another, more serious, problem is the heating caused by concentrated curre
particular, a large, persistent current flows near the front edge, while the rear carries very
as shown schematically in Figure 3. This can cause significant ohmic heating, or even me

Figure 3. Symbolic representation of the alternating currents (red) in the moving powered
(top) and solid armature plate (bottom). The armature actually lies under the drive coil. Note
persistent current concentration at the front edge of the plate.

If the reaction plate is replaced by a shorted coil similar to the powered one, as sho
Figure 4, many of the problems are resolved. The current now flows in wires so that cla
electrical engineering methods can be used to model the behavior. With enough turn
individual wires can be made sufficiently thin (less than or comparable to the skin depth)
little magnetic flux remains embedded in metal. Heating, both local and global, is less
problem because the current density is nearly uniform throughout the entire coil.
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Figure 4. Dual coil design in which the stationary coil (bottom) is shorted. The mut
inductance vanishes when the coils are offset about half a radius, so no current is induce

The electrical performance of the dual-coil SERAPHIM, is modeled numerically as
inductively coupled circuits. A coil is approximated by a resistor and inductor in series. Veh
kinematics (motion) is included, but not dynamics (response). Both circular and rectangular
can be analyzed. The geometry and circuits are shown in Figures 5 and 6.

Figure 5. Circular (left) and rectangular (right) dual-coil geometries.

Figure 6. Circuit for either the circular or rectangular dual-coil SERAPHIM. The rectangul
winding width, d, is the same for both directions.
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The equations for the drive current, I1, and armature current, I2, driven by a voltage, V0, at
frequency “f” are:

(1)

(2)

The computation is typically started at peak voltage with the two coils located directly on to
each other and no current flowing in either. The coil resistances are determined from
resistivity of the coil material, its temperature, and geometry. A fill factor is included to acco
for insulation and support. The inductance calculations are described in Appendix 1. Resis
and self inductances are computed once at the start. Because the top coil moves, the
inductance is re-computed at each time step. Eqs. (1) and (2) are approximated as diff
equations and solved numerically.

The forces in the direction of motion (thrust), x, and along the axis (lift), z, are:

(3)

The inductive energy and expended ohmic and kinetic energies are:

(4)

Notice that the kinetic energy depends on the velocity. An efficiency,η, can be defined as

(5) .

The inductive energy does not enter into the actual efficiency because switching is done at c
nulls, when it vanishes. It does, however, play a significant role in designing a power supp
the circulating inductive power can be substantial.

IV. Inductive behavior

As an example, consider a pair of square (b/a=1), thick build (d/a=0.5), coils with pow
and passive coil heights related to their widths by h1/a = 0.08 and h2/a = 0.05 respectively. Much
can be inferred about the behavior from the spatial dependence of the mutual inductan

equivalently, the coupling coefficient, defined by k= Μ12 / . For all the calculations,

square coils are used rather than circular because their inductance calculation runs fast

L1 td

dI1 R1I1 td
d M12I2( )+ + V0 2πft( )cos=

L2 td

dI2 R2I2 td
d M21I1( )+ + 0=
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                -8-



with
egative
gure 8

.

below
ved a
shes.

radial
of the

rrent
/dx,
peak
Appendix 1). The behavior of a circular coil is virtually indistinguishable from a square one
the same area, as Figure 7 shows for the case g/a=0.03. Notice that the curves become n
past x/a ~ 0.6 because the direction of the net flux through the armature reverses, as Fi
indicates. Flux reversal does not occur the cylindrical geometry of Figure 1.

Figure 7. Comparison of the inductive coupling of a circular and square coil of equal area

Figure 8. Reason for the coupling sign change. When the passive plate (blue) lies directly
the powered one (red, cross hatched), the flux through it points upward. When it has mo
diameter, the flux points down. Somewhere between (at ~ 0.6 diameter), the net flux vani

The coupling constant for the square coils described above is plotted as a function
separation in Figure 9 for a number of scaled gaps, g/a. The curve shows both the strength
current induced in the armature (proportional to M), and the resulting force per unit cu
(proportional to -dM/dx). The thrust can, therefore, be estimated by the product -MdM
plotted in Figure 10. As expected, smaller gaps produce larger forces. The location of the
force is also weakly gap dependent.
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Figure 9. Inductive coupling between square two coils as a function of their separation in
direction of motion for a number of axial gaps. All lengths are scaled to the transverse widt

Figure 10. a) Normalized force, -M dM/dx, for square coils as a function of position for vari
gaps.

V. A benchmark example
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Consider a benchmark example in which the powered coil is copper at 100oC while the

passive one is aluminum at 30oC. Both have 100 turns and 75% fill fraction. The coils are squa
a = b = 1 m, andcompletely filled: d = 0.5 m. The powered and passive coil heights are 8 a
cm respectively, the gap between them is 3 cm, and the relative velocity is 40 m/s. A sinus
10 kilovolts at 200 Hertz is applied.

Figure 11a plots the applied voltage, V, the powered current, I1, and the induced current, I2.
Figure 11b gives the horizontal “thrust”, Fx, and the vertical” lift”, Fz. The average thrust is 10
kNt. Notice that the lift is about 3 times greater than the thrust. Figure 11c shows how the
power, I1V, is distributed among the various energies. Figure 11d plots the efficiency. Pow
the coil would typically be switched off at the current null at 0.5 meters. At this time the induc
energy is zero, the average force is 10 kNt, and the efficiency is 77%. The envelope of the
in Figure 11b is essentially the appropriate force profile in Figure 10 modulated at 200 He

Figure 11. a) Applied voltage and current in both coils. b) The thrust (blue) and lift (red)
Energy: inductive, ohmic (1&2), and kinetic. The input (integrated IV) and sum should be,
are, equal. d) The efficiency as defined by (5).
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When a motor coil is positioned over a track coil so as to produce a force in the de
direction, the alternating current is switched on and maintained as long as it produces sign
force. The frequency must be sufficiently high so that switching can occur both near the op
coil/coil configuration and at a current null to avoid arcing. The higher the peak desired sp
the higher the required frequency. Once this frequency is chosen, however, it remains fixedOnly
thedurationof thepowerpulsechangeswith velocity,not thefrequency. For speeds up to abou
60 m/s, 200 Hertz is sufficient. It would not be for 100 m/s.

VI. Parameter study

In this section we examine the effects of altering the benchmark parameters. The m
used to evaluate performance are the voltage necessary to produce an average force of
the peak circulating power, and the efficiency. The only energy sinks in this ideal problem
ohmic and kinetic. The inductive energy, by far the largest component, is recovered after
cycle. In reality, of course, parasitic losses occur as eddy currents that are induced in surro
conductors lower the efficiency.

Figure 12a illustrates the effect of varying the gap. Increasing the gap increases bo
required voltage and circulating power while decreasing the efficiency. While a smaller g
clearly preferable, the degradation is not precipitous. For example, increasing the gap from
4 cm only reduces the efficiency from 75% to 73%. Even at 6 cm the efficiency is 71%.

The effect of varying the fill fraction, taken to be the same in both coils, is shown in Fig
12b. Notice that the required voltage and circulating power are virtually unchanged. The c
behavior is dominated by its large inductance; the resistance is insignificant by compa
Lowering the fill factor does, however, affect the efficiency by increasing ohmic losses.

Figure 12c gives the result of varying the common coil height, h. Notice that the efficie
increases with h, but so does the voltage and peak inductive power. The efficiency rises be
the larger cross-section of the coils reduces the current density, so less energy is lost to
heating. But because the inductive coupling decreases with increasing height, more curre
thus higher voltage, is needed to achieve the same force. High voltage and high circulating
place demands on the power supply. Therefore, the coil height should be big enough for d
efficiency, but small enough to keep the required voltage and circulating inductive power do

In Figure 12d, the powered coil height, h1, is 8 cm, while the passive coil height, h2 varies.
When the track coil is too thin, its high resistance hurts the efficiency. When it is too th
efficiency suffers due to diminished coupling. Although there is an optimal thickness
efficiency around 8 cm, both the voltage and circulating power increase monotonically wit2.

Figure 12e shows that performance improves in all regards as the winding widt
increases. The best design is when all the available volume is occupied (d=0.5 m). The
performance is for a thin hoop (d=0.1 m).

Figure 12f plots the performance for coils as b is reduced, shortening them in the dire
of motion. The rationale for doing this is that although the longitudinal segments contribu
the inductive coupling, only the transverse segments produce thrust. To keep the same n
of cycles with the shorter coil, the frequency is increased proportionally. For example, for
cm, the frequency is increased to 1000 Hertz. Reducing b increases the voltage and circ
power needed to produce 10 kNt. As the coil becomes shorter, the ratio of the gap t
longitudinal length, g/b, increases, reducing the coupling and adversely affecting the effici
Performance would improve if the gap were shrunk proportionally.
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Figure 12. The required voltage (blue) and peak circulating power (green) are on the left
the efficiency (red) is on the right. For an average force of 10 kNt: performance as a functio
a) gap, b) fill fraction, c) heights, d) track coil height, e) winding width, and f) aspect ratio.

0.1 0.2 0.3 0.4 0.5
5

10

15

20

25

30

35

0.6

0.65

0.7

0.75

d

V
 [

k
V

],
 P

 [
M

W
} efficien

cy
 (red

)

V

eff

P

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

10

20

30

40

50

60

70

80

90

100

110

0.4

0.5

0.6

0.7

0.8

b

V
 [

k
V

],
 P

 [
M

W
} efficien

cy
 (red

)

V

eff

P

0 0.02 0.04 0.06 0.08 0.1 0.12
0

10

20

30

40

50

60

0.6

0.65

0.7

0.75

0.8

g

V
 [

k
V

],
 P

 [
M

W
} efficien

cy
 (red

)

V

eff

P

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
5

10

15

20

25

30

0.2

0.3

0.4

0.5

0.6

0.7

0.8

fill

V
 [

k
V

],
 P

 [
M

W
} efficien

cy
 (red

)

V

eff
P

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
0

5

10

15

20

25

30

35

40

45

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

h

V
 [

k
V

],
 P

 [
M

W
} efficien

cy
 (red

)

V

eff

P

h1 = h2 = h

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
5

10

15

20

25

30

35

0.65

0.7

0.75

0.8

h2

V
 [

k
V

],
 P

 [
M

W
} efficien

cy
 (red

)

V

eff

P

h1 = 0.08

a b

c d

e f
                -13-



ure
ginal
ssive
early
wered
both

el the
th their
duced
ing is
x from
r these
proach
umber
ne is

sive,
red

ered
d off
ncept
d as a
that
plate
In addition to the horizontal design in which the track coil lies flat on the roadbed, Fig
13a, there are two symmetric configurations, each with three elements. In the ori
SERAPHIM concept, Figure 13b, two vertical powered coils straddle a linear array of pa
plates (or shorted coils), the “segmented rail”. The proof-of-principle demonstration and
studies were based on this design. In the other symmetric configuration, Figure 13c, the po
coil extends vertically downward into a slot in the guideway and the passive elements line
sides. The symmetric designs have better magnetic coupling and produce no lift.

An undesirable feature of the symmetric designs is that, while the two outside coils rep
element between them, they attract each other. This produces a torque which changes wi
relative position. This is less of a problem for the single powered coil design because the in
current in the track coils, and the resulting attractive force, is smaller. The magnetic coupl
also better for this design because the two passive coils intersect more of the magnetic flu
the centered powered coil than does the single centered element in the original design. Fo
reasons, and some engineering considerations, the symmetric single powered coil ap
appears superior to the original symmetric concept, even though it does require twice the n
of track coils. The improvement of the best symmetric configuration over the single sided o
given in the following table. Again, the average thrust is 10 kNt.

V(kv) P(MW) efficiency
Single sided (Figure 13a):    10.0  23.5      75%
Two sided (Figure 13c):     6.6   14.7      79%

Figure 13. a) Single sided configuration with powered coil (red, cross hatched) above pas
shorted track coil (blue). Symmetric three coil configurations: b) Original concept, c) prefer
design with single powered coil between two track coils.

VII. Motor considerations

As shown in Figure 10, the force on a powered coil lasts roughly from the time it is cent
over a track coil until its axis crosses the track coil’s edge. At this time its power is switche
and it coasts onto the next track coil. Where should this next track coil be? The original co
was to leave a full diameter of space between coils to avoid the retarding force produce
powered coil slides off the in-play track coil and onto the next track coil. It was soon realized
the vehicle coil only produces force for about half a diameter. This is true even when a solid
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is used for the track (See Appendix 2). Since the power is switched off after moving h
diameter, it was thought that the next track coil should be placed half a diameter away. As F
10 shows, however, the force between coils is so weak when their centers are more than a
apart, that the coils could actually be placed adjacent to each other, accepting the slight ret
force produced by the overlap with the next track coil during the powered portion. By placin
track coils adjacent to each other rather than separated by a radius, the “duty cycle”, the fr
of time the coil is energized, is increased from 1/3 to 1/2. This configuration is illustrate
Figure 14. The performance of separated and adjacent geometries are compared in Fig
They are nearly identical except near the end, where the retarding force is felt. The cha
efficiency is insignificant, dropping from 75% to 74%, a small price to pay for a 50% increas
the duty cycle.

Figure 14. A powered coil (red, cross hatched) moving over adjacent track coils (blue). S
retarding force allows the track coils to be adjacent, rather than half a diameter apart.

V
~

V
~

V

V
~

~

. . . . . . . . . .

. . . . . . . . . .

~

. . . . . . . . . .

~

. . . . . . . . . .

V
~

Switch closes at current null when

Switch opens at current null

Unpowered vehicle coil coasts

Repeat (duty cycle = 1/2)

. . . . . . . . . .

Slight retarding forceThrust (and lift) from interaction
with center track coil from next track coil

as force vanishes

coils are ~ coaxial
                -15-



ed).

1/N
1/N,
iring
tor

e the
t in the
oints
lus,

st one
has

hosen
ce in
st as
ilable
least
in a
so that
lower

for
any
Figure 15. Instant and average thrust from coils 1/2 diameter apart (blue) and adjacent (r

A motor based on SERAPHIM technology could have N coils in a line, spaced
diameters apart. That is, if the first coil is directly over a track coil, the offsets would be 0,
2/N, ... , (N-1)/N diameters. Figure 16 combines the force envelope from Figure 10 with the f
pattern of several multi-coil motors to yield an average force of 20 kNt. A one coil mo
produces a force in a given direction only half the time. Such a motor could function onc
vehicle achieves moderate speed. When standing still, however, it may not be able to star
desired direction. A two coil motor can produce a force in either direction except at the two p
when one coil lies directly over a track coil and the other is halfway between two of them. P
there will always be a powered coil. With three or more coils, there are no dead spots; at lea
coil is always producing a force in either direction. Thus, a minimal practical motor probably
three coils. Where two coils produce force in the same direction, the larger force can be c
so that only one coil need be active at any time. With four coils, two usually produce a for
either direction. There are, however, positions for which two of the coils exert no force, ju
in the two coil case. If the motor happens to stop at one of these spots, only one coil is ava
to provide force in either direction, and that force is weak. With a five coil motor there are at
two coils, and possibly three, providing force in either direction, one of which is always
strong position. As before, when three coils are available, the best two can be selected
there are always two active coils. While more coils produce a smoother force and permit
stress per coil, they also increase the total size and weight.

A motor consisting of three coils is shown in Figure 17, along with the firing pattern
producing thrust in either direction. A similar diagram is easily constructed for a motor with
number of coils.
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Figure 16. Net force from a motor consisting of 1, 2, 3, 4, and 5 coils. Average force is 20

Figure 17. Three motor coils (red, cross hatched) a third of a diameter apart and roadbed (b
For any position above the track coils, at least one motor coil could provide thrust (green)
one could provide braking (magenta), if its switch is closed.
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VIII. Challenges facing SERAPHIM

As of this writing, a motor based on SERAPHIM technology exists only on paper.
single-shot proof-of-principle demonstration, while performing as expected, was not of op
design and did not include many features essential in a motor suitable for commercializati
continuously operating motor suitable for integration onto a vehicle must have sensing
control capability. It will need a cooling system to remove the ohmic heat from the powered
and shielding to keep the external magnetic fields at acceptable levels (iron shielding
actually improve the electrical performance by increasing the coil inductance!). It will ne
power supply to drive the highly inductive load. For example, if the benchmark coil deliver
kNt of thrust at 40 m/s, the average power going into kinetic energy is 0.4 MW. As Figur
shows, however, although the average circulating inductive power is zero, its peak appro
25 MW. The coils must be able to withstand repetitive mechanical and thermal stresses. A
course, the whole package cannot be either too big or too heavy (the copper in the benc
coil weighs about 400 kg). There will also be issues to consider once the intended use is de
What is the best way to power the vehicle, an on board engine, power from the grid via a
rail or catenary, or a distributed power generation system? Which is the best geometry, th
coil horizontal design, the three coil symmetric one, or some other configuration? To ad
these and other issues, an experimental testbed motor is being constructed. Additional par
studies of systems-level issues are also ongoing.

Ultimately, the question is not whether the motor described here can be built and ma
work, but whether it will be demonstrably smaller, lighter, more efficient, and more practical
a LIM, or any other candidate, which delivers the required performance.

Figure 18. Inductive (blue, left axis) and kinetic (red, right axis) power. Note the different sc
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Appendix 1. Inductance calculations

The self inductance of a circular coil with rectangular cross-section is found from a tab
formula on page 105 of Grover [7]. It involves two parameters, the ratios of the coil width (h)
the winding thickness (Rout-Rin) to the diameter. The data tables (p. 144) are included in the co

The mutual inductance between two coils is found by replacing each coil by a numb
uniformly spaced hoop filaments with parallel axes. The mutual inductance between two h
of radii r1 and r2, and an axial separation of h, and is

(A1)

where r12 is the distance between points on the two hoops:

(A2)

The mutual inductance is found by numerically evaluating the double integral for all pair
hoops and summing their weighted contributions. M12 is a function of the three parameters r2/r1,
h / r1, and (x2 - x1)/r1. It could be pre-tabulated for faster execution.

The self inductance of a rectangular coil with rectangular cross-section is found by repl
the coil with a number of evenly spaced rectangular circuits. The self inductance of one of
elements is found using an expression on page 60 of Grover for rectangular circuits made
round wire. The diameter used is that which gives it an equal area. The self inductance of th
coil is obtained from a sum of all the self and mutual inductances of the elements.

The mutual inductance of two rectangular coils is found by replacing each with a numb
uniformly spaced rectangular filaments with parallel sides, Figure A1. The mutual induct
between two such filaments is found by summing individual contributions from segment p

Figure A1. The geometry of two parallel lines used for the inductance calculation.

Evaluating an integral similar to (A1) for these parallel line segments gives

(A3)

where
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There is no coupling between perpendicular segments. Complicated as these expressions
it takes much less computation time to evaluate them than for the double integral of the ci
case, for which there is no analytic expression.

     Appendix 2. The slotted plate

A solid plate armature does not lend itself to the type circuit analysis performed on
shorted coil. The magnetic field in the plate satisfies a diffusion equation which usually req
solutions for all three components. This can be, and has been, done using finite differen
finite element methods. To the extent that the currents in the plate flow mostly transve
except at the two ends, the behavior of the solid plate should not be significantly altere
cutting transverse slots in it. If all the elements are thin with respect to the skin depth, the s
plate can be represented by a parallel circuit consisting of distributed resistances and induc
as shown in Figure A2. Each of the current loops is inductively coupled to all others and t
powered coil, whose circuit is also shown.

Using a slotted plate with 10 cross pieces, as illustrated, and the benchmark paramete
behavior with the two different reaction elements can be compared. The inductive couplin
the two geometries, the forces, and the efficiencies are compared in Figure A3. The
distribution with the slotted plate is different and persists somewhat longer. The efficiency o
slotted plate design, however, is lower than the coil because of the high ohmic heating loss
front edge. This makes both the slotted and solid plate less attractive.

Figure A2. A slotted reaction plate composed of 10 parallel segments and connecting ba
and bottom (left). Its circuit and powered coil circuit (right).
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as a
Figure A3. a) Inductive coupling between two coils (blue) and a coil and slotted plate (red)
function of their centerline separation. b) Instant and average thrust. c) Efficiencies.
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